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EFFECT OF SHEAR DEFORMATION ON
OPTIMAL DESIGN OF ELASTIC BEAMS
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Abstract-In order to avoid unbounded local stresses in the optimal structure. a realistic optimal design must
include the effect of shear deformation. In this paper. such effect on the optimal design of elastic beams is illus­
trated by a problem of a circular ring. The cross section of the ring is assumed to be rectangular with given depth
and variable width. Timoshenko beam theory is employed in the analysis. It is found that the optimal ring with
shear deformation is more uniform in its cross section distribution than the optimal ring without shear de­
formation. Thus. by including the effect of shear deformation. the efficiency of optimal design is reduced.

INTRODUCTION

A uniform method of treating a variety of problems of optimal design of structures was
given by Prager and Taylor [1]. In their analysis, the structure is assumed to be of sand­
wich type, hence, the specific structural stiffness is a linear function of the specific structural
weight.t It is found that in the minimum elastic compliance design, the specific strain
energy per unit stiffness in the optimal structure remains constant throughout the whole
structure. The same conclusion can also be drawn for the optimal design for maximum
elastic buckling load where the specific strain energy is referred to the change in con­
figuration due to buckling. Accordingly, in the problem of optimal design of sandwich
beams, if we consider only the bending deformation of the beam and neglect the effect
of transverse shear and axial force in the analysis, then the optimal beam would contain
zero cross sections at locations of vanishing bending moment. For such designs, the local
stresses would be infinite at zero cross sections when the axial force and transverse shear
do not vanish.

In this paper, the effect of transverse shear deformation on optimal designs is illustrated
by a problem of a circular ring deformed by two forces. For the purpose of simplification
in analysis, the cross section of the ring is assumed to be rectangular with given depth and
variable width. Thus, the cross-sectional area of the ring is considered as a design variable
and the local bending stiffness and shear stiffness are proportional to tht> local cross­
sectional area of the ring. Timoshenko beam theory [2] is employed in the analysis.

t The term "specific" is used as an abbreviation for "per unit length of a one-dimensional structure" or
"per unit area of a two-dimensional structure".
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BASIC EQUATIOl\'S

Let us consider a circular curved beam with radius of the center line R. The fiber
stress at any point in the beam with a distance z from the central surface is assumed to be

F "-ifz
If = --+­

.4 I

where F is the axial force, Al is the bending moment, A is the cross-sectional area and 1
is the moment of inertia of the cross-sectional area about the neutral axis. The shear stress
is

ss = -g(z)
A

(2)

where S is the total transverse shear and g(z) is a function of : depending on the shape
of the cross section. The strain (or stress) energy per unit length of the beam can be ex­
pressed by the following area integral over the cross section

(3)

where E and G are respectively Young's modulus and shear modulus of the beam and k
is a constant defined by

(4)

For rectangular cross sections, k = i
Denote the distance measured along the center line of the beam by s. Let the inward

normal distributed load be p(s), the counterclockwise tangential distributed load t\s),
the inward normal displacement wand the counterclockwise tangential displacement ~'.

By considering the equilibrium in moment, radial and tangential forces acting on an
infinitesimal element of the beam as shown in Fig. L we have the following equations of
equilibrium:

.'vI' -5 = 0,

, F
S +R,TP = 0,

\of
F'--'-+r=O

R

where prime represents the differentiation with respect to s.

p

FI(j. l. F l)fCeS <ind moments on <in mtinlleslmal <ifC "f the be<im.

(5)

(6)
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(12)

(11)

The stress-displacement relations can be derived from the principle of minimum
complementary energy with equations (5H7) as side conditions while the displacements
wand r are considered to be prescribed. Thus, we obtain

M I'
= -R-CP'. (8)

El

F w
= --+1" (9)

AE R '

S ,
(10)-- = w -cpo

kAG

In equations (8) and (10). cp is a Lagrange multiplier function. Its geometrical meaning
can be recognized by the special case of infinitesimal deformation of a straight beam for
which R = oc and F = v = O. In this case, equations (8) and (10) reduce to Timoshenko
beam equations [2]:

M
= -cp',

£1

S ,
kAG = w -cpo

Therefore, cp is the angle of rotation of the cross section of the beam. Put l/J = Rcp. Equa­
tions (8HlO) can also be written as

~ = ;2(V+I/J),

:E = -*(t\+W),

S 1 . .1,- = --(w+,/,)
kAG R

(13)

(14)

(15)

(16)

where dot represents the differentiation with respect to the polar angle 8. Note that
C) =: -R( r.

In the following, we shall consider the optimal design of beams for minimum overall
compliance. The cross section of the beam is assumed to be rectangular with prescribed
depth h and variable width. For this cross section, I = Cf.2 A, where Cf.2 = h2/12 is a constant.
The total volume of the beam is given as V. Hence,

fAdS = V

The optimal design of beams of given height and variable width is equivalent to the design
of sandwich beams. The necessary and sufficient condition ofglobal optimum is given in [1].
It is

u
= const.

A
(17)
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OPTIMAL DESIGN OF A CIRCULAR RING FOR MINIMUM COMPLIANCE

A circular elastic slender ring of radius R and volume v' is deformed by two equal
and opposite forces P as shown in Fig. 2. The optimal ring is symmetrical with respect
to (} = 0 and e = n/2, hence, we need only consider one-quarter of the ring in the first
quadrant 0 ::; e ::; ni2.
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FIG. 2. A(iI). A", .:urves for optimal circular rings.
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Let the bending moment at U = 0 be .\1 1 ' The bending moment. axial force and trans­
verse shear at any section in 0 ::; 0 ::; ni2 are

PR
Al = --=;-(/.-COS 0). (I S)

P
F = ;-cos 8. (19\

p
S = -sin iJ., . 1201

where I, = I - 2;\01 I PR is an unknown constant to be determined.
The cross section of the optimal ring can be determined from the optimality condition.

equation (17), using equations (3) and (18\-l20). It is

1211
PR [I _ , , , .. '1

!-l = -- -{/-cosl))- ..... cos-t!-'-"-SlD~2Ec-t fl l . ,. , , J
where f3l = xl'Rl . / = Eo(kG) and (' is a constant which can be determined from equa­
tion (16). Thus. equation (21) can be written as
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where

f = fo"'2 [;1(ic-COS Bl1 +cos1 8+/ sin1 8Ji de.

From equations (13H15l, (18H20) and (22), we have

i'+liJ.· = 2PR~f/3 ~[(i.-cos 8)2 +/31 cos1 8 ..... 82.,2 sin2 8J-l:(; -cos 8)£V /31 " I .,

2PR~rfJ[ . 8' /3' , {) /3' , . '8--+ IIi'+w= EV (/.-cos )-+ -COS·UT -i'·sm- j ·COSU,

(23)

(24)

(25)

• I 2PR
2
f/3 '[ . e' /3' 'e /32 2 • , 0]-' . e\1"+1/1 = £V 1'. V-cos 1-+ ·COS- + I' sm-Ssm . (26)

The boundary conditions are

(27)

(28)

(29)

l'(O) = 1/t(O) = v(n/2) = 1/t\n/2) = O.

The solution of equations (24H27) leads to the condition for determination of ).

{i2 [(i. _ cos 8)2 + /32 cos2 8 + /32;,2 sin2 8] - l:(). - cos OJ d8 = 0

and the dimensionless compliance of the optimal ring

t5 = - EVw(nj2) = F
o 2PR 2 .

In Fig. 2, the ratio of A(8) to its average value Am is plotted against 8 for /3 = 0·1
and various values of j'. When j' = 0, the effect of shear deformation is not included and
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FIG. 3. Comparison of optimal rings with rings of uniform cross section.
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the optimal design reduces to that given in [3]. It is found that the slopes of AlIh Am
curves decrease with increasing y.

In order to show the efficiency of the optimal design, the compliance <>0 is compared
with that of a ring with uniform cross section and identical volume. The compliance of
the uniform ring can be obtained from Castigliano's theorem. It is

6. = n[;2(i-~) +(1 + /l~1 {301

In Fig. 3, the ratio (joN>. is plotted against f3 for different values of I'. When " increases,
the cross section distribution becomes more uniform and hence the value of (jo'S.
approaches the limiting value L

REFERENCES

[I] W. PRAGER and J. E. TAYLOR. Problems of optimal structural design. 1. app/. lfech. 35, 102-106 (19681
[2] S. TIMOSHENKO. On the correction for shear of the differential equation for transverse vibrations of prismatIc

bars. Phil. Mag. Section 6, 41. 744-746 (1921).
[3] N. C. HUANG and C. Y. SHEU. Optimal design of elastic circular sandwich beams for minimum compliance.

J. appl. Mech. to be published.

(Received 2 February 1970: revised 29 June 1970)

A6cTlIllKT-4TOOhl .ooe)j(aTb Oe"3rpaHH'lHble .'lOKa,'lbHble HanpSlJKeHHll B OnTl1ManhHOK KOHCTpyKllIHI,
pellJIbHblli. OnTl1ManbHhIH paC'leT ;xoniKeH 1aK,'ll{)'laTb e(j>(j>eKT ;xe(j>opM3UlHl C!lBHra. B HaCTOliweH paooTe
HJIlQCTpHpyeTcll )TOT 3(j>(j>KT npH onnIMa,'lbHOM paC'leTe ynpyrHx oanm; Ha npliMepe 1ane'lH Kpyr,loro
KOlIbua. npelLnaraeTCll, 'ITO nOnepe'lHOe Ce'leHHe KOJIbUa npllMoyronhHoe, C 1anallHoli BblCOTOH Ii nepe­
MeHHOR Wl1PHHOiL B paC'leTe HCnOJlb1yeTcll TeopHll oanKH TIIMoweHKli. Onpe;xe'llieTcll. 'ITO OnTHMaJJbHOe
KOJIbUO Cy'leTOM )l.eq,opMaUliH CllBlira HMeeT OOllee nOCTOllHHO.e pa..:npeneneHl1e HanplliKeHHH a f10nepe'lHbIM
Ce'leHHl{), 'Ie!\.! Of1THMaJJbHOe KO.1bUO. Hey'lHTaBal{)Wee lle(j>opMaUI1H CllBHra. 3aTe!\.! Y'lHThIBall 1(j>(j>eKT
.ne(j>opMaUHH CLlBl1ra, Y'l.leHhwaeTCll Tpy;xoeMKOCTh OnTHMa,lbHoro paC'JeTa.


